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Abstract
Advancement in astronomical observations and technical instrumentation im-
plies taking into account the general relativistic effects due the gravitational fields
encountered by the light while propagating from the star to the observer. There-
fore, data exploitation for Gaia-like space astrometric mission (ESA, launch 2013)
requires a fully relativistic interpretation of the inverse ray-tracing problem, namely
the development of a highly accurate astrometric models in accordance with the
geometrical environment affecting light propagation itself and the precepts of the
theory of measurement. This could open a new rendition of the stellar distances
and proper motions, or even an alternative detection perspective of many subtle rel-
ativistic effects suffered by light while it is propagating and subsequently recorded
in the physical measurements.
1 Introduction
The role of astrometry has been revitalized thanks to the space mission Gaia Turon et al.
[2005] which will be launched by ESA not earlier than September 2013. The expected
end-of-life astrometric performance, at the level of µas accuracy, requires to take into
account light deflections effects due to the Solar System bodies. This implies that any
astrometric measurement has to be modelled in a way that stellar light propagation and
detection should be both conceived in a general relativistic framework. As matter of
fact, the trajectory of a photon is traced by solving the null geodesic in a curved space-
time dictated by General Relativity (GR) and at the same time, the detection process
usually takes place in a geometrical environment generated by a n-body distribution as
it is that of our Solar System (SS).
Nowadays, a few approaches exist that model light propagation in a relativistic
context. Among them, the post-Newtonian (pN) and the post-Minkowskian (pM) ap-
proximations are those mainly used (Kopeikin and Mashhoon [2002], Klioner [2003],
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Teyssandier and Le Poncin-Lafitte [2008] and references therein). Inside the Consor-
tium constitued for the Gaia data reduction (Gaia CU3, Core Processing, DPAC) two
different formulations of relativistic light propagation have been developed to model
astrometric observations, of distant sources by an SS observer: (i) the GREM formula-
tion Klioner [2003], known as the Gaia baseline model IAU coordinate based Soffel et al.
[2003], and (ii) the RAMOD model (de Felice et al. [2004], 2006), an alternative approach
fully compliant with the precepts of local measurement in a relativistic setting. Actually
RAMOD is a family of astrometric models of increasing intrinsic accuracy conceived to
solve the inverse ray-tracing problem in a general relativistic framework. Their theo-
retical equivalence to the 1-µas accuracy level has been recently demonstrated (Crosta
[2011] and reference therein) and will be exploited, in a process, called in the Gaia jargon,
Astrometric Verification Unit (AVU) by comparing the results of two fully independent
astrometric reconstructions of the celestial sphere to assess all-sky scientific reliability on
position, including parallax, and proper motions. The link between the models is crucial
as far as the Gaia’s goal is concerned: the unbiased measurements, i.e., independently
from models, the most fundamental astrophysical stellar parameters (absolute distance,
angular position, velocity, and mass) for approximately 1 billion individual stars.
It can be inferred that the treatment of light propagation in time-dependent gravita-
tional fields encompasses issues from fundamental astronomy to cosmology (Will [2006],
Turyshev [2008], Crosta and Mignard [2006], Kopeikin and Gwinn [2000], Damour and
Donoghue [2010], de Felice et al. [2011] and references therein). The accurate measure-
ment of the motions of stars in our Galaxy can also provide access to the cosmological
signatures in the disk and halo, while astrometric experiments from within our Solar Sys-
tem can unequally probe possible deviations from GR just one century after Einsteins’s
great discoveries. With the Gaia mission approaching launch, Relativistic Astrometry is
about to trace the geometry of the visible Milky Way.
2 The astrometric problem
The astrometric problem consists, firstly, in solving the null geodesic for the single stellar
photon, in order to trace back the light trajectory to the initial position of the emitting
source and, then, determine its astrometric parameters through the astrometric observ-
able, according to the chosen reference frames. Differently from the other approaches,
RAMOD’s full solution requires the integration of a set of coupled non-linear differen-
tial equations, called “master equations”. The unknown of these equations is the local
line-of-sight ℓ¯ as measured by the fiducial observer u at the point of observation in
her/his rest-space. At the time of observation, ℓ¯ provides the boundary condition for
uniquely solving the light path by means of the relativistic definition of the observable
(Crosta and Vecchiato [2010]) and the satellite-observer frames (Bini et al. [2003]). The
main purpose of the RAMOD approach is to express the null geodesic through all the
physical quantities entering the process of measurement without any approximations,
in order to entangle all the possible interactions of light with the background geome-
try. RAMOD uses a 3+1 characterization of space-time in order to measure physical
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phenomena along the proper time and on the rest-space of a set of fiducial observers
according to the following measurement protocol (de Felice and Bini [2010]): i) specify
the phenomenon under investigation; ii) identify the covariant equations which describe
it; iii) identify the observer who makes the measurements; iv) chose a frame adapted
to that observer allowing the space-time splitting into the observers space and time;
vi) understand the locality properties of the measurement under consideration (local or
non-local with respect to the background curvature); vii) identify the frame components
of those quantities which are the observational targets; viii) find a physical interpreta-
tion of the above components following a suitable criterium; ix) verify the degree of the
residual ambiguity in the interpretation of the measurements and decide the strategy to
evaluate it (i.e. comparing what already is known).
Solving the astrometric problem in practice means to compile an astrometric catalog
with the same order of accuracy as the measurements. To what extent, then, is the
process of star coordinate reconstruction consistent with General Relativity &Theory of
Measurements?
3 The static solution of the astrometric problem
Gaia-like measurement takes place inside the Solar System, i.e. a weakly relativistic
gravitationally bound system, described by the metric gαβ = ηαβ + hαβ + O(h
2). Now,
in order to gauge how much curvature can be considered local or not with respect to
the measurement, let us resort the virial theorem which requires an energy balance
of the order of |hαβ | ≤ U/c
2 ∼ v2/c2, where v is the characteristic relative velocity
within the system 1. Therefore the level of accuracy is fixed by the order of the small
quantity ǫ ∼ (v/c). Since the system is weakly relativistic, the perturbation tensor hαβ
contributes with even terms in ǫ to g00 and gij (lowest order ǫ
2) and with odd terms
in ǫ to g0i (lowest order ǫ
3, Misner et al. [1973], de Felice and Bini [2010]); its spatial
variations are of the order of |hαβ |, while its time variation is of the order of ǫ|hαβ |. This
means that at the order of ǫ3, not only the time dependence of the background metric
cannot be ignored any longer, but also the vorticity, which measures -in the process
of foliation- how a world-line of an observer rotates around a neighboring one, can be
neglected being proportional to the g0i term of the metric (see details in Crosta [2011]).
Consequently, it is not possible to define a rest-space of a fiducial observer that covers
the entire space-time. Any observer u can be considered at rest with respect to the
coordinates xi only locally, and for this reason u is called the local barycentric observer,
as identified in de Felice et al. [2006]. The master equations satisfied by the vector field
ℓ¯ up to the ǫ3 order of accuracy are
dℓ¯0
dσ
= ℓ¯iℓ¯jh0j,i +
1
2
h00,0 (1)
dℓ¯k
dσ
=
1
2
ℓ¯k ℓ¯iℓ¯jhij,0 − ℓ¯
iℓ¯j
(
hkj,i −
1
2
hij,k
)
1For a typical velocity ∼ 30 km/s, (v/c)2 ∼ 1 milli-arcsec
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−
1
2
ℓ¯k ℓ¯ih00,i − ℓ¯
i (hk0,i + hki,0 − h0i,k)
+
1
2
h00,k + ℓ¯
kℓ¯ih0i,0, (2)
named “RAMOD4 master equations” in the dynamical case (de Felice et al. [2006],
Crosta [2011]), being σ the parameter of the null geodesic. Note that there is a differential
equation also for the ℓ¯0 component, which represents an opportunity to better decipher
light propagation in future developments.
The ǫ2 regime, instead, is referred as the “static case”, or “static space-time”, i.e. a
stationary space-time in which a time-like Killing vector field u has vanishing vorticity
(de Felice et al. [2004]). In this case the parameter σ on u is the proper time of the
physical observers who transport the spatial coordinates without shift. Any hypersurface
t(x, y, z) = constant, at each different coordinate time t, can be considered the rest space
everywhere of the observer u and the geometry that each photon feels is, then, identified
with the weak relativistic metric where g0i = 0. In these circumstances we can define a
one-parameter local diffeomorphism which maps each point of the null geodesic to the
point on the slice at the time of observation, say S(to) (de Felice et al. [2004]):
dℓ¯k
dσ
= −ℓ¯k
(
1
2
ℓ¯ih00,i
)
− δks
(
hsj,i −
1
2
hij,s
)
ℓ¯iℓ¯j
+
1
2
δksh00,s. (3)
Equations (3) determine light propagation in the static case, and are called “RAMOD3
master equations” (de Felice et al. [2004]). This equation can be solved analytically. Let
us assume a weak field metric such as:
h00 ≡ h ≃
∑
a
h(a) =
∑
a
2GM(a)
c2r(a)
hij ≃ h δij ,
where the index a is refereed to the gravitational sources. Equations (3) can be reduced
by considering that ℓ¯iℓ¯jδij = 1 +O
(
h2
)
, namely:
dℓ¯k
dσ
+
3
2
ℓ¯k(ℓ¯ih,i)− h,k +O(h
2) = 0. (4)
Only a vorticity-free space-time allows to parametrize simultaneously the mapped tra-
jectory with respect to the Center of Mass (CM) of the gravitational bodies on S(to); if
the Euclidean scalar product is applied, the RAMOD procedure for the parametrization
generalizes the one used in Kopeikin and Mashhoon [2002] or Klioner [2003] (Crosta
[2011]). Then, within the scale of a vorticity-free geometry, we can always express the
mapped trajectory in such a parametrized form:
xi = ξˆi +
∫ τˆ
o
ℓ¯idτˆ , (5)
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where ξˆi is the impact parameter w.r.t. CM, τˆ = σ − σˆ, being σˆ the value of geodesic
parameter at the point of the closest approach. If we approximate ℓ¯i in function of small
perturbations with respect to the unperturbed light direction ℓ¯ 60, i.e.:
ℓ¯i = ℓ¯i60 + δℓ¯
i + (δℓ¯i)2 + ... (6)
we note that term of the order of (δℓ¯i) can be neglected in the master equations because
of the order of O(h).
This implies that also equation (5), for our purpose, can be approximated as:
xi = ξˆi + (ℓ¯i60 + δℓ¯
i)τˆ +O
(
h2
)
, (7)
where δℓ¯j is of the order of the deflection, i.e. ǫ2.
After these assumptions, we reformulate the relative distance between the photon
and source coordinates, ri(a), as
rˆi(τˆ) = ξˆi + (ℓ¯i60 + δℓ¯
k)τˆ − xi(a) = rˆp + (ℓ¯
i
60 + δℓ¯
k)τˆ , (8)
where
rˆip = ξˆ
i − xi(a), (9)
is the relative distance between the source coordinates and the photon impact parameter
w.r.t. the CM.
By using the scalar and vectorial products the impact parameter with respect to the
source at the point of the closest approach can be defined as:
d(τˆ)k = [ℓ¯× (rˆ(τˆ)× ℓ¯)]k. (10)
Note, it does not depends on τˆ by definition, so it is always
dkp = [ℓ¯× (rˆp × ℓ¯)]
k, (11)
Then equation (4) is simplified as
∆ℓ¯k =
2G
c2
∑
a
M
{∫ τˆo
τˆ
[
1
2
ℓ¯k(~¯ℓ · ~ˆr)− dˆk
]
dτˆ
rˆ3
}
+O
(
h2
)
, (12)
which is easly solved as
∆ℓ¯k =
2G
c2
∑
a
M
1
d2p


[
1
2
ℓ¯ 60
k
(ℓ¯ 60 · rp)− d
k
p
] [
(ℓ¯ 60 · rˆ)
rˆ
]τˆo
τˆ
−
1
2
ℓ¯ 60
k
[
(rˆ · rp)
rˆ
]τˆo
τˆ


+ O
(
h2
)
(13)
namely
∆ℓ¯k =
2G
c2
∑
a
M

− ℓ¯ 60
k
2rˆ(τˆo)
+
ℓ¯ 60
k
2rˆ
−
dkp
d2p

 ℓ¯ 60 · rˆ
rˆ
−
~¯ℓ 60 · rˆ(τˆo)
rˆ(τˆo)




+ O
(
h2
)
. (14)
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This last formula is easily converted in that one found by Klioner (2003), if we
consider a source at infinity (ℓ¯k60 ≡ σ
k):
∆ℓ¯k ≈
2G
c2
∑
a
M
{
−
σk
2rˆ(τo)
−
dkp
d2p
[
1 +
σ · rˆ(τo)
rˆ(τo)
]}
+O
(
h2
)
. (15)
Then, if the observable shift w.r.t. to the direction at infinity is δσ = c−1[σ×∆x˙× σ]k,
one gets
δσk ≈
2G
c2
∑
a
M
{
−
dko
d2o
[
1 +
σ · rˆ(τo)
rˆ(τo)
]}
+O
(
h2
)
. (16)
As far as RAMOD method is concerned, instead, we need to insert ℓ¯k(τo), i.e. the
observed value of the tangent vector to the light ray, into the astrometric observable, i.e.
the cosine Crosta and Vecchiato [2010]. Then, we need to integrate again (14)
ℓ¯k(τˆo)∆τˆ −
∫ o
∗
dxk
dτˆ
dτˆ =
2G
c2
∑
a
M
∫ o
∗
{
−
ℓ¯ 60
k
2rˆ(τˆo)
+
ℓ¯ 60
k
2rˆ
−
dkp
d2p
[
(ℓ¯ 60 · rˆp) + τˆo
rˆ(τˆo)
−
(ℓ¯ 60 · rˆ)
rˆ
]}
dτˆ +O
(
h2
)
. (17)
where ∆τˆ = τˆo − τˆ∗. The expression of ∆τ as flight time from the star to the ob-
server - measured with respect to the local barycentric observer- is given by Bertone
et al. in the comparison between RAMOD and the Time Transfer Function method
2 (Teyssandier and Le Poncin-Lafitte [2008]). Finally, one can straightforwardly check
that the barycentric coordinate of the star assumes the following perturbed form
xk∗ = x
k
o + ℓ¯
k
o∆τˆ +
2G
c2
∑
a
M
{
ℓ¯k60
2
Log
[
(ℓ¯ 60 · rˆo) + rˆo
(ℓ¯ 60 · rˆ∗) + rˆ∗
]
+
[
ℓ¯k60
2rˆo
+
dkp(ℓ¯ 60 · rˆo)
rˆod2p
]
∆τˆ +
dkp
d2p
(rˆo − rˆ∗)
}
+O
(
h2
)
. (18)
4 Matching physics and coordinates at high accuracy
The fact that light tracing is different with or without the vorticity term make evident
how the RAMOD recipe, based on a measurement protocol, differs from a direct ”co-
ordinate” approach which, instead, does not need to discriminate the accuracy of the
geometry to be involved. The quantity ℓ¯ is the unitary four-vector representing the lo-
cal line-of-sight of the incoming photon as measured by the local observer u in his/her
2 Bertone, S. Minazzoli, O. Crosta, M. Le Poncin-Lafitte, C. Vecchiato, A., and Angonin, M.C. Time
Transfer functions as a way to validate light propagation solutions for space astrometry, submitted to
Classical and Quantum Gravity
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gravitational environment; it represents a physical quantity in any case, with or with-
out vorticity. By implementing its coordinate expressions straightway, equations (2),
i.e. those for the spatial components, are converted into the coordinate ones derived
in Kopeikin and Mashhoon [2002] at the first pM approximation of the null geodesic
(Crosta [2011]). This result was expected, since both models are deduced from the null
geodesic in a weak field regime. Then, once such an equivalence is obtained, one could
solve the master equation in the RAMOD framework by applying the same procedure
adopted in Kopeikin and Mashhoon [2002]. However, consistently with the reasoning
of the previous section, only RAMOD3 master equation can be transformed into the
solution given by Kopeikin and Mashhoon [2002], since the parametrization in RAMOD
is possible only in a vorticity-free space-time where admits also an analytical solution.
In fact, if one assumes a perturbed straight line trajectory, the equivalence of the two
parametrizations implies a change of coordinates which transforms equation (2) into the
same parametrized equation (36) used in Kopeikin and Mashhoon [2002]. Neverther-
less, the integration of the null geodesic in Kopeikin and Mashhoon [2002] intends to
consider the gravitomagnetic effects. In addition, the metric coefficients hαβ depend
on the retarded distance r(a) as discussed in de Felice et al. [2006]. This means that
one has to compute the spatial coordinate distance r(a) from the points on the photon
trajectory to the a-th gravity source at the appropriate retarded time and up to the
required accuracy. Hence, if we wish our model be accurate to ǫ3, it suffices that the
retarded distance r contributes to the gravitational potentials, which we remind are at
the lowest of order ǫ2, with terms of the order of ǫ. Instead, to the order of ǫ2 (static
geometry), the contribution of the relative velocities of the gravitating sources can be
neglected. Indeed, one can choose to further expand the retarded distance in order to
keep the terms depending on the source’s velocity up to the desired accuracy. Obviously
the effects due to the bodies’ velocity cannot be related to a gravity-magnetic effect, at
least up to the scale where the vorticity can be neglected. Actually, the positions of
the bodies can be recorded as subsequent snapshots onto the mapped trajectories and
deduced as ”postponed” corrections in the reconstruction of the photon’s path.
The importance of the measurement protocol in setting the correct role of the coor-
dinates, and thus avoiding misinterpretations of parallel but different quantities, is also
discussed in Crosta and Vecchiato [2010], where, within the context of the Gaia mission
(ESA, Turon et al. [2005]), a first comparison between RAMOD and GREM (Gaia REl-
ativistic Model, Klioner [2003]) was carried out via the extrapolation of the aberrational
term in the local light direction. Differences, that already exist at the level of the aber-
ration effect, suggest particular care in the interpretation of the final catalog. Another
example which shows how the accurate inclusion of the geometry redraws a standard
measurement, is given by the formula for the Doppler shift in de Felice et al. [2011]. The
spectroscopic and astrometric data that will be provided by the new generation of satel-
lites can be implemented with one another, thus leading to a general-relativistic Doppler
which is exact up to and including the ǫ3 terms. It is also showed that a previously
proposed Doppler-shift formula is definitely not adequate to this task, since it misses
relevant relativistic corrections already at ǫ2.
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5 Conclusions
Modeling light propagation is intrinsically connected to the identification of the geometry
where photons move. The different conception of RAMOD provides a method to exploit
high accurate observations to their full extent, as it could be the case for the astromet-
ric data coming from the ESA mission Gaia, possibly a new beginning in the field of
Relativistic Astrometry. The comparison between different light modeling approaches is
extremely important since Gaia will change our scientific vision and we are implementing
new methods using real data. By comparing different formulations of a null geodesic we
have the opportunity the exploit the advantages of the different methods and improve on
our understanding of light propagation. As far as RAMOD method is concerned, the ge-
ometrical distinction between the master equations introduces a criterium to disentangle
coordinate and physical effects.
In RAMOD the vorticity term cannot be neglected at the order of ǫ3: ignoring it
locally is valid only in a small neighborhood compared to the scale of vorticity itself.
When the vorticity term is needed the light trajectory cannot be laid out on a unique
rest-space of simultaneity from the observer to the star, wherever the latter could be
located. Without vorticity RAMOD allows a parametrization of the light trajectory
and sets the level of reciprocal consistency with the existing approaches. Only master
equations of RAMOD4, i.e. the case of a dynamical space-time, fully preserves the
active content of gravity. This solution is enough accurate for implementing Relativistic
Astrometry beyond Gaia. Considering the number of objects that can be observed in
high accuracy regime, the local line-of-sight, as a physical entity, can be also used in the
future for an inverse parameter problem approach, able to statistically determine the
metric also outside the Solar System (Tarantola [1987]).
References
D. Bini, M. T. Crosta, and F. de Felice. Orbiting frames and satellite attitudes in rel-
ativistic astrometry. Classical and Quantum Gravity, 20:4695–4706, November 2003.
doi: 10.1088/0264-9381/20/21/009.
M. Crosta. Tracing light propagation to the intrinsic accuracy of spacetime ge-
ometry. Classical and Quantum Gravity, 28(23):235013, December 2011. doi:
10.1088/0264-9381/28/23/235013.
M. Crosta and A. Vecchiato. Gaia relativistic astrometric models. I. Proper stellar
direction and aberration. Astron. Astrophys, 509:A37, January 2010. doi: 10.1051/
0004-6361/200912691.
M. T. Crosta and F. Mignard. Microarcsecond light bending by Jupiter. Classical and
Quantum Gravity, 23:4853–4871, August 2006. doi: 10.1088/0264-9381/23/15/006.
T. Damour and J. F. Donoghue. Equivalence principle violations and couplings of a
8
light dilaton. Phys. Rev. D, 82(8):084033, October 2010. doi: 10.1103/PhysRevD.82.
084033.
F. de Felice and D. Bini. Classical Measurements in Curved Space-Times. Cambridge
University Press, Cambridge (UK), 2010.
F. de Felice, M. T. Crosta, A. Vecchiato, M. G. Lattanzi, and B. Bucciarelli. A General
Relativistic Model of Light Propagation in the Gravitational Field of the Solar System:
The Static Case. Astrophys. J., 607:580–595, May 2004. doi: 10.1086/383244.
F. de Felice, A. Vecchiato, M. T. Crosta, B. Bucciarelli, and M. G. Lattanzi. A General
Relativistic Model of Light Propagation in the Gravitational Field of the Solar System:
The Dynamical Case. Astrophys. J., 653:1552–1565, December 2006. doi: 10.1086/
508701.
F. de Felice, G. Preti, M. T. Crosta, and A. Vecchiato. Relativistic satellite astrometry:
the stellar radial velocity. Astron. Astrophys., 528:A23, April 2011. doi: 10.1051/
0004-6361/201015375.
S. A. Klioner. A Practical Relativistic Model for Microarcsecond Astrometry in Space.
Astron. J., 125:1580–1597, March 2003. doi: 10.1086/367593.
S. Kopeikin and C. Gwinn. Sub-Microarcsecond Astrometry and New Horizons in Rel-
ativistic Gravitational Physics. In K. J. Johnston, D. D. McCarthy, B. J. Luzum,
and G. H. Kaplan, editors, IAU Colloq. 180: Towards Models and Constants for Sub-
Microarcsecond Astrometry, page 303, 2000.
S. Kopeikin and B. Mashhoon. Gravitomagnetic effects in the propagation of electromag-
netic waves in variable gravitational fields of arbitrary-moving and spinning bodies.
Phys. Rev. D, 65(6):064025, March 2002. doi: 10.1103/PhysRevD.65.064025.
C. W. Misner, K. S. Thorne, and J. A. Wheeler. Gravitation. 1973.
M. Soffel, S. A. Klioner, G. Petit, P. Wolf, S. M. Kopeikin, P. Bretagnon, V. A. Brum-
berg, N. Capitaine, T. Damour, T. Fukushima, B. Guinot, T.-Y. Huang, L. Lindegren,
C. Ma, K. Nordtvedt, J. C. Ries, P. K. Seidelmann, D. Vokrouhlicky´, C. M. Will, and
C. Xu. The IAU 2000 Resolutions for Astrometry, Celestial Mechanics, and Metrology
in the Relativistic Framework: Explanatory Supplement. Astron. J., 126:2687–2706,
December 2003. doi: 10.1086/378162.
A. Tarantola. Inverse problem theory. Methods for data fitting and model parameter
estimation. 1987.
P. Teyssandier and C. Le Poncin-Lafitte. General post-Minkowskian expansion of time
transfer functions. Classical and Quantum Gravity, 25(14):145020, July 2008. doi:
10.1088/0264-9381/25/14/145020.
9
C. Turon, K. S. O’Flaherty, and M. A. C. Perryman, editors. The Three-Dimensional
Universe with Gaia, volume 576 of ESA Special Publication, January 2005.
S. G. Turyshev. Experimental Tests of General Relativity. Annual Review of Nuclear and
Particle Science, 58:207–248, November 2008. doi: 10.1146/annurev.nucl.58.020807.
111839.
C. M. Will. The Confrontation between General Relativity and Experiment. Living
Reviews in Relativity, 9:3, March 2006.
10
